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Abstract
In this study, we consider p-adic numbers. We will also study
the p-adic norm representation of real number, which is de-
fined as Qp = {
∑∞
j=m ajp
j : aj ∈ Dp,m ∈ Z, am 6= 0}∪{0},
where p is a prime number. We explore properties of the
p-adics by using examples. In particular, we will show that√
6, i ∈ Q5 and
√
2 ∈ Q7. p-adic numbers have a wide range
of applicationsnin fields such as string theory, quantum me-
chanics, and transportation in porous disordered media in ge-
ology.
Theorems and propositions
Theorem 1 (The p-adic norm). Given a filed A and a function
f : A → R we say that f is a norm if
• f (a) > 0 for all a 6= 0 and f (0) = 0 (positive-definiteness)
• for all a, b ∈ A, f (a · b) = f (a) · f (b) (multiplicativity)
• for all a, b ∈ A, f (a+b) ≤ f (a)+f (b) (triangle inequality)
Theorem 2 (p-adic absolute value). The p-adic absolute value






















| 0 |p= 0
| q |p=| ab |p= 1; if (ab, p) = 1 and (a, b) = 1,where a ∈ Z, b ∈ N
| q |p=| ab |p= p
−n; if pn is the highest power of p that divides
the numerator a
| q |p=| ab |p= p





















































5−4 if p = 5
7−2 if p = 7
116 if p = 11
13 if p = 13
33 if p = 3
1 else
What is 985 in Q7?
If q = a
b
∈ Q and (a, b) = 1, then q can be written as an
element of Qp. To do that, first, we round up q to the nearest
integer, so q is equal to the integer minus a fraction. The trick
is to have the denominator in the form of pt − 1, and then use
a geometric series to solve. Here is one example.
98
5




= 20− 960 · 1
74 − 1
= 20 + 960 · (1 + 74 + 78 + 712 + · · ·)
Now, we need to write 20 and 960 in base 7.
20 = 6 · 70 + 2 · 71 = (6.2)7
960 = 1 · 70 + 4 · 71 + 5 · 72 + 2 · 73 = (1.452)7
The next step is to multiply out (1 · 70+ 4 · 71+ 5 · 72+ 2 · 73)
and (1 + 74 + 78 + 712 + · · ·). That is
(1 · 70 + 4 · 71 + 5 · 72 + 2 · 73) · (1 + 74 + 78 + 712 + · · ·)
= 1 · 70 + 4 · 71 + 5 · 72 + 2 · 73
+ 1 · 74 + 4 · 75 + 5 · 76 + 2 · 77 + · · · = (1.452)7





As we can write 985 in Q7, we can also work backward and
express (34.423)5 as a rational number. This involves writing
the repeating digits in a geometric series. One example is
showed below.
(34.423)5 = (34)5 + (0.423)5
= 3 · 51 + 4 · 50 + (0.423)5 · (1.000)5
= 15 + 4 + (0 · 50 + 4 · 51 + 2 · 52 + 3 · 53) · (1.000)5
= 19 + 445 · (1 · 50 + 1 · 54 + 1 · 58 + 1 · 512 + · · ·)
= 19 + 445 · 1
1− 54






























where p is a prime number.
Assume
√
6 = α =
∑∞
k=o ak5




















k = (a0 + a1 · 51 + a2 · 52 + a3 · 53 + · · ·)·
(a0 + a1 · 51 + a2 · 52 + a3 · 53 + · · ·)
= a20 + 2a0a15
1 + (2a0a2 + a
2
1)5
2 + (2a0a3 + 2a1a2)5
3
+ (2a1a3 + a
2
2 + 2a0a4)5
4 + · · ·









0 = 1 · 50
2a0a15












By solving the equations, we can find the first five 5-adic dig-
its of
√
6. There are two answers because a0 = ±1. In the
case of a0 = 1, we have a1 = 3; a2 = 0; a3 = 4; a4 = 2.
Therefore,
√
6 = 1+3 ·51+0 ·52+4 ·53+2 ·54+ · · ·. We have
showed that
√






6 is an element in Q5.
Prove i ∈ Q5
Similar to proving
√
6, we need to show that i can be written
in the form of
∑∞
j=m ajp










. The problem here is that how do
we find -1 in base 5. We can do that by following the proce-
dures below.
Claim: α + β = 0
α = a0 · p0 + a1 · p1 + a2 · p2 + · · · + aj · pj
β = t0 · p0+ t1 · p1+ t2 · p2+ · · ·+ tj · pj + tj+1 · pj+1+ · · ·
Choose: t0 = p− a0
Choose: tk =
{
p− ak − 1, if 1 6 k 6 j
p− 1, if k > j + 1
Proof. To show the procedures above works, we need to show
that α + β = 0. First, we know that
α + β = (a0 + t0) + (a1 + t1)p + (a2 + t2)p
2 + · · ·
Since t0 = p − a0,we know that a0 + t0 = p. Since t1 =
p− a1− 1,we know that t1+ a1 = p− 1. Similarly, we know
that a2 + t2 = p− 1. Substitute back to α + β we have
α + β = p + (p− 1)p + (p− 1)p2 + (p− 1)p3 + · · ·
= p + (p− 1)p · (1 + p + p2 + p3 + · · ·)
















= p + (−p)
= 0
To find -1 in base 5, we need first find 1 in base 5. Let α = 1
and β = −1
1 = (1)5 = 1 · 50 + 0 · 51 + 0 · 52 + · · ·
That means a0 = 1, a1 = 0, a2 = 0, · · ·. According to the
procedures above, we have
t0 = p− a0 = 5− 1 = 4
t1 = p− a1 − 1 = 5− 0− 1 = 4
t2 = p− a2 − 1 = 5− 0− 1 = 4
...




j. Assume i = θ =
∑∞
k=o ak5







. Since −1 = (4.4̄)5 = 4 · 50 + 4 · 51 +






k, we have the following
equations.
a205
0 = 4 · 50
2a0a15




2 = 4 · 52
(2a0a3 + 2a1a2)5




4 = 4 · 54
...
By solving the equations,we have a0 = ±2. In the case of
a0 = 2, a1 = 1; a2 = 2; a3 = 1; a4 = 3. Therefore, i =
2 + 1 · 51 + 2 · 52 + 1 · 53 + 3 · 54 + · · ·. We have showed that
i can be written in the form of
∑∞
j=m aj5
j, so we concluded




Lemma 1 (Hensel’s). Let f (x) ∈ Zp[X ] be a p-adic poly-
nomial and assume there exists α0 ∈ Zp such that f (α0) ≡
0(mod p), but f ′(α0) 6≡ 0(mod p). Then there exists a unique
α ∈ Zp such that f (α) = 0 and α ≡ α0 mod p
Claim: There exists α ∈ Zp such that α2 ≡ 2(mod 7) and
α ≡ 3(mod 7)
Proof. Apply Hensel’s lemma above to f (x) = x2− 2 at α0 =
3. Clearly,
f (α0) = 7 ≡ 0 mod 7 and






2 ∈ Q7 in a similar way as proving
√
6 ∈ Q5.
Alternatively, we can use Hensel’s lemma as shown above.
To find the 7-adic digits for
√
2, we solved a similar set of
equations as before. We found the first five 7-adic digits: a0 =
3; a1 = 1; a2 = 2; a3 = 6; a4 = 1. That is
√
2 = 3 + 1 · 71 +
2 · 72 + 6 · 73 + 1 · 74 + · · ·.
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